Abstract. An uncountable family of non-isomorphic Borel automorphisms which do not preserve any finite measure is presented.
Introduction
In [6] , B. Weiss asked for distinguishing invariants for non-dissipative, aperiodic Borel automorphims -especially those which have no finite invariant measures. The purpose of this note is to suggest weakly wandering and some related sequences as invariants for such transformations. We illustrate this with an example of two nonisomorphic Borel automorphisms which have no finite invariant measures. We then show how to construct an uncountable family of non-isomorphic automorphisms.
Example
It is useful for the reader to be familiar with the concepts and notation of [6] (and also [5] ). Let T denote a non-dissipative, aperiodic Borel automorphism defined on a standard Borel space (X, B). A set W ∈ B is a wandering set for T if W ∩T n W = ∅ for n = 0. Statements and sets are meant to be taken mod the σ-ideal generated by the wandering sets (or mod the sets of measure zero if one has a favorite quasiinvariant measure in mind). We denote by W(X, T ) the σ-ideal generated by the wandering sets of T .
We begin with an example of two non-isomorphic Borel maps neither of which has a finite invariant measure. With a different representation, this originally appeared in [1] as an example of non-similar infinite measure preserving ergodic transformations of finite type.
We denote by N the set of all non-negative integers n ≥ 0 , and by Z the set of all integers. Let X = {0, 1} N and define in X the Borel field of subsets generated by the finite rectangles in X . For a point x = (x 0 , x 1 , . . . ) ∈ X we shall say that x i is the i-th coordinate of the point x. Next we let T be the usual dyadic adding machine on X. Namely, we define the operation + in X to be addition (mod 2) in each coordinate together with the appropriate carry, and for x ∈ X define T x = x + e where e = (1, 0, 0, . . . ).
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We immediately eliminate from X the countable set of points k∈N {(x 0 , x 1 , . . . )∈ X | x i = 0 for all i ≥ k} and k∈N {(x 0 , x 1 , . . . ) ∈ X | x i = 1 for all i ≥ k}, and denote the resulting space by X again. It follows that T is a Borel automorphism on X.
In what follows we shall be working inside this space X with the transformation T defined on it as described above.
In the space X we define the two subsets W e and W o ; namely, W e equals the set of all points x ∈ X which have their even coordinates equal to 0, and W o equals the set of all points x ∈ X which have their odd coordinates equal to 0. Let us denote X e = n∈N T n W e and X o = n∈N T n W o . Both these sets are invariant under T . Moreover, T is aperiodic, non-dissipative on each and preserves no finite invariant measure. (We remark that it is easy to construct a σ-finite infinite invariant ergodic product measure for each.) Proposition 2.1. There is no Borel isomorphism between (X e , T ) and (X o , T ).
It is a simple observation that for any odd integer n > 0 we have T n W e ∩W e = ∅ since each point x ∈ T n W e has a 1 in the 0-th coordinate. This is easily extendable to the following:
Proof. Let n > 0 be a positive integer, and suppose that the first time a 1 appears in the dyadic representation of n is in the i-th coordinate. If i is an even integer, then
Proof. Proposition 2.1: Assume φ is an isomorphism between (X e , T ) and (X o , T ). From Lemma 2.2 it follows that T n (φW e ∩ W o ) ∩ (φW e ∩ W o ) = ∅ for all n > 0. This shows that φW e ∩ W o is a wandering set. By a similar argument we conclude that φT i W e ∩ T j W o is a wandering set for any i, j ∈ N. We also have
Definitions
In this section we list a few useful definitions and make some comments on related notions that led us to the construction of the examples that follow.
Let T denote a non-dissipative, aperiodic Borel automorphism defined on a standard Borel space (X, B).
An infinite sequence of integers {n i } is called a weakly wandering sequence for T if there exists a set W ∈ B such that
Weakly wandering sets and sequences were introduced in [4] .
The three collections of weakly wandering sequences WW (T ), exhaustive weakly wandering sequences EW W (T ), and full saturation weakly wandering sequences F SW W (T ) are isomorphism invariants.
From the definitions we have EW W (T ) ⊂ FSW W (T ) ⊂ WW(T ). The example in the previous section is a case where the collections EW W (X e , T ) and EW W (X o , T ) are not the same; we prove this at the end of the paper.
Observe that if T admits a weakly wandering sequence of full saturation, then there does not exist any finite invariant measure. However the converse is false.
In [3] an example is given of a transformation with no finite invariant measure where F SW W (T ) is empty. Thus the example in [3] is non-isomorphic to both the examples in the previous section. It will also be non-isomorphic to the examples in the next section.
In order to clarify our arguments and view our examples in a more general setting, it is helpful to consider concepts from the p-adic integers. For example, the space X mentioned above, where all these examples take place, may be regarded as the space of 2-adic numbers with the set of integers removed from it. We define the following object which has a connection with our presentation (this will be demonstrated in the final section of the paper). For an integer n ∈ Z let ord 2 (n) be the smallest integer i ∈ N such that 2 i divides n. In other words, n = 2 ord2(n) m , where m is an odd integer. We note that ord 2 (n) = 0 if n is an odd integer. We also assume that ord 2 (0) = ∞.
For a set of positive integers K let us define IP{K} to be the set of all integers that are sums of finite subsets of K. In this note we shall assume that 0 corresponds to the empty sum and belongs to every IP set.
It is interesting to observe that in our examples there is a connection among IP sets, weakly wandering sequences, and the ord 2 of an integer. For instance, let S ⊂ N be a sequence of non-negative integers. Then for any two integers n 1 , n 2 ∈ IP{2 i | i ∈ S}, n 1 = n 2 , we have ord 2 (n 1 − n 2 ) ∈ S.
An uncountable family
In this section we construct an uncountable family of non-isomorphic maps. We shall work with the Borel automorphism T defined on the space X that was introduced earlier.
Before we present the main results of this section, we make a few observations that have an interest of their own.
Let us consider an infinite set of non-negative integers S ⊂ N such that S , the complement of S in N, is also an infinite subset of N. Let W S = {x ∈ X | x i = 0 for all i ∈ S }, and put X S = i∈Z T i W S . The set X S then is invariant under the Borel automorphism T defined on X. Furthermore, since we initially eliminated from the space the countable set of points mentioned earlier, which consists of the point 0 = (0, 0, 0, · · · ) and its orbit under T , it follows that X S = i∈N T i W S exactly (though, one only needs this modulo the sigma-ideal of wandering sets). Let us also define the set of integers B S = IP{2 i | i ∈ S }. Proof. We note that the set B S consists of 0 and all positive integers n > 0 with the property that for some finite subset F ⊂ S the dyadic representation of n has a 1 in its i-th coordinate for i ∈ F, and a 0 elsewhere. Also the set W S consists of all points x ∈ X S with the property that x has a 0 in its i-th coordinate for all i ∈ S . From this it follows that X S = b∈B S T b W S (disj).
Next we observe that it is possible to construct an uncountable family of infinite subsets of positive integers such that any two of them have finite intersection. To show this, consider a 1-1 correspondence between the positive integers and the rationals. For each real number take a sequence of rationals that converge to it. Under the 1-1 correspondence, we obtain the desired family.
Let {S α } be an uncountable family of infinite subsets of N with pairwise finite intersections. We note that for every S α in this family, S α , the complement of S α in N, is again an infinite subset of N. Now let us fix α = β, and let F = S α ∩ S β denote the finite intersection of the sets S α and S β .
Let
We let X α = i∈N T i W α , and X β = i∈N T i W β as before; both of these then are invariant sets under T . It is also easy to see that X α = i∈N T i V α,F and X β = i∈N T i V β,F .
Theorem 4.2.
There is no Borel isomorphism between (X α , T ) and (X β , T ).
Using Lemma 4.3 (which replaces Lemma 2.2) that follows, and after replacing the W sets by the corresponding V sets and making the appropriate subscript changes, the proof of Theorem 4.2 follows word for word the proof of Proposition 2.1 above. We omit the details.
Proof. We note that if
It is interesting to note that if one looks to the proof of Proposition 2.1, it is possible to conclude a more general theorem.
Let us consider two non-dissipative and aperiodic automorphisms S and T defined on the standard Borel spaces (X, B) and (Y, F), respectively. Let E ⊂ X be a set of full saturation for S; that is X = i∈Z S i E, and define R(E, S) = {n ∈ Z | S n E ∩ E = ∅}. Similarly, for a set F ⊂ Y of full saturation for T define R(F, T ) = {n ∈ Z | T n F ∩ F = ∅}. Let us denote by R (E, S) and R (F, T ) the complements in Z of the sequences R(E, S) and R(F, T ), respectively.
We state Theorem 4.4 below as a generalization to Theorem 4.2. We omit the proof. Theorem 4.4. Let S and T be two non-dissipative, aperiodic Borel automorphisms defined on X and Y , respectively, and let E and F be two sets of full saturation for S and T , respectively. Then R (E, S) ∪ R (F, T ) = Z implies (X, S) is not Borel isomorphic to (Y, T ).
Example redux
In this section, we prove the following, which was stated earlier. The proof illustrates how the various concepts presented in the paper are interrelated.
Proposition 5.1. EWW(X e , T ) = EWW(X o , T ).
We already have that B = IP (2 2n : n ≥ 0} ∈ EWW(X e , T ). So, it is enough to show that B / ∈ EWW(X o , T ). We also have IP(2 2n+1 : n ≥ 0} ∈ EWW(X o , T ) and in particular W o ∩ T n W o ∅ for all n > 0 of odd ord 2 . Let W be an exhaustive weakly wandering set under the sequence B for (X o , T ). The proof of the proposition follows, using the lemma below, in a similar manner to the non-isomorphism result above. Since ord 2 (n) = 2k, we have n = 2 2k + q2 2k+1 for some q ≥ 0. This shows that
2k X k and hence is disjoint from W .
